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As a result of an experimental and theoretical investigation a formula 
has been derived for the viscosity in a heterogeneous liquid-solids 
system. This formula is valid over the entire range of concentrations 
of the solid phase. 

Solid p a r t i c l e s  in a flow c r e a t e  local  turbulent  p e r -  
tu rba t ions  that  i n c r e a s e  the v i s c o s i t y  of the fluid. A 
s i m i l a r  e f fec t  is obse rved  in f r e e  turbulent  f lows [1] 
as a r e su l t  of ve loc i ty  f luctuat ions .  The p r e s e n c e  of 
ve loc i ty  f luctuat ions in he te rogeneous  f l u id - so l id s  s y s -  

t em and the i r  p a r a m e t e r s  w e r e  e x p e r i m e n t a l l y  e s t ab -  
l i shed  in [2]. 

Inves t iga t ions  have shown that  in a bed of so l id  
p a r t i c l e s  suspended by an ascend ing  flow of wa te r  the 
mean  va lues  of the ve loc i t i e s  and ve loc i ty  f luc tuat ions  

do not va ry  over  the c r o s s  s ec t ion  of the flow and that  

the r e l a t i v e  magni tude  of the ve loc i ty  f luctuat ions  AV/ 
/V is p ropo r t i ona l  to the vo lume concen t ra t ion  of so l ids .  
The homogenei ty  and loca l i za t ion  of tu rbu lence  a r e  
a t t r ibu tab le  to the fact  that the p a r t i c l e s  fo rm a porous  
m e d i u m  dividing the flow into loca l  components  and 
s u p p r e s s i n g  the na tu ra l  t u rbu lence  of the flow as a 

whole.  
A s i m i l a r  ef fec t  is c r e a t e d  by gr ids  in wind tunnels  

and in the mot ion of w a t e r  s a tu ra t ed  with so l ids .  In 

the f i r s t  case  the gr ids  r educe  the d e g r e e  of tu rbu lence  

by as much as 1000 t imes  [1]. In the second case  the 
flow r e g i m e  r e m a i n s  m o r e  or  l e s s  l a m i n a r  at Reynolds  
number  up to 400 000 [3]. 

In a suspended bed with a f ixed upper  boundary the 
p a r t i c l e s  a r e  in a c e r t a i n  s ta te  of r andom motion.  
This p roduces  the e f fec t  known as dynamic  c o n c e n t r a -  
tion. The mot ion  of the p a r t i c l e s  in the bed does  not 
have any o ther  ef fec t  on the flow s t r u c t u r e  or  p a r a m -  

e t e r s .  (This was e s t ab l i shed  by p a r a l l e l  e x p e r i m e n t s  

with and without c i r cu la t ion  of the sol id  p a r t i c l e s . )  
T h e r e f o r e  in de t e rmin ing  the laws of mot ion  of wa te r  
in a suspended  bed it is usuM to a s s u m e  dynamic  
equ i l i b r ium and a un i fo rm d i s t r ibu t ion  of p a r t i c l e s  

ove r  the vo lume of the bed [4, 5]. 
The o rd ina ry  v i s c o s i t y  of a f luid is a s s o c i a t e d  with 

m o l e c u l a r - k i n e t i c  e f fec ts ,  the laws of which w e r e  
used  by Prand t l  in de r iv ing  a f o r m u l a  for  the turbulent  
v i s c o s i t y  of f r e e  flows. The na ture  of these  e f fec t s  
cons i s t s  in a t r a n s f e r  of m o m e n t u m  be tween  the fluid 
p a r t i c l e s  in the s h e a r  plane.  

The i n c r e a s e  of v i s c o s i t y  in turbulent  flows and in 
a he t e rogeneous  s y s t e m  is due to the t r a n s f e r  of 
m o m e n t u m ,  as a r e s u l t  of turbulent  pe r tu rba t ions ,  
between " m a c r o s c o p i c ,  m o r e  or  l e s s  l a rge  e l emen t s  
(moles)  of the f luid" [1]. In this case ,  n e a r  sol id  s u r -  

faces  the molecular v i s c o s i t y  intensifies the turbulent  
pe r tu rba t ions  [6]. Consequently,  the v i s c o s i t y  in a 

he t e rogeneous  s y s t e m  may be a s s u m e d  p ropor t iona l  

to the m o l e c u l a r  v i s cos i t y  g0 and to the i n c r e a s e  in the 
m o m e n t u m  of unit  m a s s  of the fluid as it m o v e s  in the 
va r i ab l e  sec t ions  between sol id  p a r t i c l e s *  (as c o m -  
pa red  with the mot ion of a f luid with constant  m e a n  
ve loc i ty  v [7]). 

Hence 
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The quant i t ies  in Eq. (2) a re  g iven by 
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~ m a x  "== 20)  - -  ~ m i n  = 1 --C~. 

W h e n c e  

Vmax --Vmi. Av 
-- 2Co. (3) 

The coef f ic ien t  a k is usua l ly  [8] d e t e r m i n e d  f rom the 

e x p r e s s i o n s  

* E x p e r i m e n t a l  d e t e r m i n a t i o n s  of the v i s c o s i t y  of 
suspens ions  con f i rm  this p ropor t iona l ly ,  which is 
r e f l e c t e d  in al l  the fo rmu la s  for this v i scos i ty .  A 
suspended l a y e r  of sol id  p a r t i c l e s  is a l so  a suspension.  
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Replacing ~Tma x and Y in (4) by the expressions 
presented above gives 

1 (5)  
ak -- ( 1 ~  Co) ~" 

Af te r  subs t i tu t ing  the va lues  of A ~ / ~  and ~k f rom 
(3) and (4) into Eq. (2), we obta in  

[ 2Co ] (6) 
~ m  = ~o 1 + (1--Co) 2 " 

The values of Pm given by Eq. (6) are too low as 

compared with the experimental data. The reason for 

this is that in a heterogeneous system as compared 

with the assumed concentration of the stationary par- 
ticles the constriction of the section and the nonuni- 
fortuity of the velocities are increased: in the suspended 

bed owing to circulation of the particles (dynamic con- 

centration) and in the fixed bed owing to the stagnant 

zones in the part of the pore space between grains. 

With allowance for this additional constriction of 

the flow cross section C d the mean minimum area 

~nin = (i - CO - Cd) 2, and the mean maximum velocity 

~max - Vo (7 )  
(1 - -  Co - -  Q)2 

In th is  c a s e  

An a n a l y s i s  of the va lues  of C d obtained in e x p e r i -  
m e n t s  on a suspended  bed [2]* and a n a l y t i c a l l y  for  a 
f ixed  bed [18] has  shown that  

Using the s i m p l e r  e x p r e s s i o n  on the r ight  s ide  of 
(9), we w r i t e  

Then 

 k=( max '+CO 12 
., vm~,~ l - - C 0  / 

<i0) 

 011 + 2c ( ' l+co  ?] 
\ 1 - c 0  )J  

(11> 

The phenomenon of molar viscosity as a consequence 
of momentum transfer between macromasses of fluid 

applies equally to the suspended and the fixed bed, 
since in both cases transfer takes place as a result 
of continuous sharp changes in the velocities of the 
elementary flow components. This is confirmed by 

tlae successful extrapolation of the theory and laws of 

motion of a fluid in a fixed bed to a suspended bed. 
The latter is regarded as an intermediate state be- 
tween the fixed filter bed and the free fall of an in- 
dividual particle [4, 9, i0]. Moreover, it has been 

established [ii] that the use of the molar viscosity 
in formulas for the filtration of water in a granular 
bed makes it possible to eliminate the empirical coef- 
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The r a t i o  %m/Po as a function of the p a r t i c l e  
concen t r a t i on  C O a c c o r d i n g  to f o r m u l a  (11) 
and the f o r m u l a s  of. 1) E ins te in ;  2) Hacek;  
3) Wand; 4) Manley  and Malone; 5) E u l e r s .  

ficients, obtain laws corresponding to the experimental 
data, and theoretically determine the boundaries of 
the filtration regimes. 

A comparison of experiments with moving and 

stationary particles in a suspended bed has shown that 
these particles do not participate directly in the mo- 
mentum transfer. Therefore the molar viscosity, both 

dynamic and kinematic, relates directly to the liquid 

phase and does not necessitate taking into account the 

apparent density of the heterogeneous system as a 

whole. The experiments of Broughton [12] and Tra- 
wit/ski [13] with mixtures containing particles with 

density equal to or greater than that of the liquidphase 

lead to a similar concl.usion. This also follows from 
the assumed physical model of the effect. Therefore 

~m = v~ m . (12) 
~o Vo 

The results of calculations based on Eq. (ii) are 
presented in Table i, which will serve as a calculating 

aid, like ordinary molecular viscosity tables. The 

figure is a graphic expression of relation (ii), showing 

the nature of the variation of the molar viscosity as 

the volume concentration increases. The same figure 

includes points whose ordinates were obtained from 
the formulas of other authors [14]. These formulas 
give satisfactory agreement with the experimental 
data on narrow intervals of values of C O and are a 
special case of formula (ii). 

Table  2 p r e s e n t s  e x p e r i m e n t a l  da ta  on the v i s c o s i t y  
in a l i q u i d - s o l i d s  he t e roge ne ous  s y s t e m  obta ined by 
Broughton [12] and T rawinsk i  [13]. 

R e m a r k .  T r a w i n s k i  p e r f o r m e d  e x p e r i m e n t s  with 
an aqueous  suspens ion  of l ime ,  Broughton with p e l l e t s  

*The m a x i m u m  value  C d = 0.11 c o r r e s p o n d s  to Co = 
= 0 .25-0 .3 ,  



Table 1 

Molar Viscosity as a Function of Particle Concentration 

I Co 0.05 / 0.I 0.4 0.45 0 .5 !0 .55  0.6 0.65 0.7 
[ F 

lJ.m/p.o 1.1251 1.3 

0 .I5 0.2 0,25 0.3 0~35 

Suspended b e d  
536 r7 25110 0q14 05120 F*xed2129 9146 

Table  2 

Resu l t s  of E x p e r i m e n t a l  De t e rmina t i ons  of Molar  Viscos i ty  

C o 
/ J 

P,m/~to 
0.05 0.1 / 0.I5 / 0.2 0.25 0.3 

I 
J 

Acc. to Broughton 1.15 1 .35 I 1.62 1.94 
Acc. to Trawinski I. 17 1.35 I 1.67 2.10 

m 

4.10 

having the same density as the liquid dispersion 

medium. 

A comparison of Tables 1 and 2 shows that the ex- 

periments confirm the theoretical values of the vis- 

cosity calculated from (ii). A certain discrepancy 

observed at C o > 0.25 is evidently attributable to im- 

perfections in the method of experimental determina- 

tion of the viscosity of a liquid-solids mixture. In 

particular, in A. M. Mostkov's experiments [15], 

owing to these imperfections the viscosity tended to 

infinity at C o = 0.35, which contradicts reality. At 

the same time in Zhukovitskii's experiments [16] with 

a clay suspension at Co ~ 0.6 a value pm/#O = 1 

+ 30 Co = 19 was obtained. This is very close to the 

value presented in Table i. 

Formul,a (ii) was also checked against experimental 

data on the settling of particle systems at volume con- 

centrations from 0.07 to 0.6 [4, 5, 17]. 

NOTATION 

V is the mean  ve loc i ty  o f t h e w a t e r  in a h e t e r o g e n e o u s  
sys t em;  /XV is the mean  va lue  of the ve loc i ty  f luc tua-  
t ions;  P0 is the m o l e c u l a r  v i s cos i t y  of the wa te r ;  # m  

is the m o l a r  v i s c o s i t y  of the wa te r ;  p is  the m o m e n t u m  
of the w a t e r  flow e l e m e n t s  with mean  ve loc i ty  V; Ap 
is the m o m e n t u m  i n c r e m e n t  due to ve loc i ty  f luc tua-  
t ions;  m is the m a s s  of the w a t e r  flow e lement ;  Ymax 
is the m e a n  m a x i m u m  ve loc i ty  of the w a t e r  in a he t -  
e rogeneous  sy s t em;  ~min is the mean  m i n i m u m  v e l o c -  
ity of the wa te r  in a he te rogeneous  sys tem;  v0 is the 
ve loc i ty  of the wa te r  r e f e r r e d  to a uni t  c r o s s - s e c t i o n a l  
a r e a  of a he t e rogeneous  sys t em;  ak  is  the flow m o -  
men tum coef f ic ien t  c h a r a c t e r i z i n g  the nonuni formi ty  
of the ve loc i t y  d is t r ibut ion;  a: is the mean  useful  f low 
sec t ion  in a p a r t i c l e  medium;  ~min  is the mean  m i n i -  
mum a r e a  of useful  s ec t ion  of the loca l  f low component  
in a p a r t i c l e  medium;  ~ m a x  is the mean  m a x i m u m  a r e a  
of useful  sec t ion  of the loca l  flow component  in a p a r -  
t i c l e  medium;  ALV is the ve loc i ty  f luctuat ion;  C o is the 
vo lume concen t ra t ion  of p a r t i c l e s  in a l iquid med ium;  
n is the number  of p a r t i c l e s  p e r  unit  vo lume of a he t -  
e rogeneous  sy s t em;  d is  the p a r t i c l e  d i a m e t e r ;  u0 is 

the kinematic viscosity of the liquid phase in a het- 

erogeneous system; u m is the molar kinematic vis- 

cosity of the liquid phase in a heterogeneous system; 

C d is the additional constriction of the flow section as 

a result of particle circulation in the suspended bed 
--I 

or stagnant zones of a fixed bed; Wmi n is the mean 
minimum area between particles, with allowance for 

-' is the mean maximum velocity of water be- Cd; Vma x 
tween particles, with allowance for C d. 

REFERENCES 

i. H. Schlichting, Boundary Layer Theory [Rus- 

sian translation], IL, 1956. 

2. E. F. Kurgaev, Izv. AN SSSR, OTN, no. 5, 
1958. 

3. M. Z. Abramov, Trudy TsNII vodnogo trans- 

porta, vol. I, pt. II, 1935. 

4. D. M. Mints and S. A. Shubert, Hydraulics 
of Granula r  Ma te r i a l s  [in Russian[ ,  izd. MKKhRSFSR, 

1955. 

5. J.  F. R icha rdson  and W. H. Zaki, Chem. Eng. 
Science,  Genie Chimique,  3, no. 2, 1954. 

6. L. Prandt l ,  H y d r o a e r o m e c h a n i c s  [Russ ian  
t r ans la t ion l ,  IL, 1951. 

7. E. F .  Kurgaev,  DAN SSSR, 132, no. 2, 1960. 
8. S. V. Izbash, Fundamenta l s  of Hydrau l ics  [in 

Russian] ,  Gos. izd. l i t - r y  po s t r - v u  i a r k h i t - r e ,  1952. 
9. G. M. F a i r  and L. P. Hatch, JAWWA, 25, 

no. 11, 1933. 

10. J.  B. M or r i s ,  C. M. Nichols ,  and F. W. F e n -  
ning, T ransac t i ons  of the Inst i tut ion of Chem. Eng.,  
34, no. 168, 1956. 

11. E. F. Kurgaev,  P r o c e e d i n g s  of Scient i f ic  Con- 
f e r e n c e  of the Moscow Cons t ruc t ion  Eng inee r ing  In- 
s t i tu te  [in Russian] ,  1966. 

12. G. Broughton and C. S. Windebank, Ind. Eng. 
Chem.,  30, no. 4, 1938. 

13. H. Trawinsk i ,  Chem. Ing. Techn. ,  no. 4, 
1953. 

14. S. B r e t s c h n e i d e r ,  P r o p e r t i e s  of Liquids  and 
Gases:  Eng inee r ing  Calcula t ion Methods [Russian 
t rans la t ion] ,  Izd. Khimiya,  1966. 

625 



15. A. M. Mostkov, Hydraulics Handbook [in Rus- 

sian], Gosstroiizdat, 1954. 
16. S. Yu. Zhukhovitskii, Kolloidn. zhurn., Izd. 

AN SSSR, vol. XXVI, no. 4, 1964. 
17. E. F. Kurgaev, Fundamentals of the Theory 

and Calculation of Clarifiers [in Russian], Gosstroi- 
izdat, 1962. 

18. L. S. Le ibenzon,  Motion of Na tura l  Liquids  
and Gases  in a Po rous  Medium [in Russ ian] ,  Gos top-  
tekhizdat ,  1947. 

16 November  1967 Institute of Railroad Trans- 
port, Moscow 

626 


